Langevin·type equation with a nonlinear drift term and a multiplicative noise term is treated. Dynamical aspects of noise-induced phase transition are studied with the aid of the method of asymptotic iteration (MAl) introduced in a previous paper. The temporal behavior of the first moment is solved exactly. It is shown that the critical slowing down does not occur at the so·called transition point. § 1. Introduction
Recently 'noise-induced phase transition' has attracted many worker's interest.1)-3) Mostly, their attention is directed to the influence of the external noise on the stationary solution of the Fokker-Planck equation, and it has been shown that above a threshold value of the intensity of the external noise, the shape of the stationary solution suffers alteration. I
In this paper we consider the dynamical aspects of noise-induced phase transition. We want to find whether the critical slowing down occurs or not near the noise-induced phase transition. We solve the moment equations corresponding to the Langevin equation under consideration with the aid of the method of asymptotic iteration (MAl) developed in the previous paper. 4 ) We pay attention only to the first moment, because the determination of its temporal development is sufficient to know whether the critical slowing down occurs or not. Now the stochastic differential equation (SDE) for our problem is given as
where B t is the Wiener process with <dBt>=O and <dBtdBt> = (J2dt. Here p is a POSItIve integer. It is to be noted that in the cases p=l and p=2, SDE(1'1) represents the Verhulst modeI 1 ), 5) and the kinetic Ising model 6 ) with a multiplicative noise respectively. As for the noise term we adopt the Stratonovich interpretation. According to the theorem of Wong and Zakai/) the SDE should be interpreted as a Stratonovich equation as long as the limit of a realistic noise can be considered as the white noise. Moreover Kabashima et al.
B )
have shown that their experimental results are in good agreement with the theoretical results based on the Stratonovich interpretation. They found a noise-induced phase transition in a degenerate parametric oscillator which was pumped by a random current simultaneously supplied with a sinusoidal currenL These are the reasons why the Stratonovich interpretation is adopted in this paper. The Fokker-Planck equation (FPE) corresponding to SDE (1.1) is written as (1'2) where P( X, t) is the probability density function. This FPE was solved by Schenzle and Brand 9 ) as the eigenvalue problem. Their work is very splendid. However, we think that it is very complicated and lengthy to obtain the compact descriptions of moments with the aid of eigenfunctions, because the contribution of the continuous part of the eigenvalues is very complicated. And so we think that if we are only interested in the temporal development of the moments, we had better solve directlY,the moment equations corresponding to the SDE.
In the next section, we treat the case p = 1 in (1.1) and give the exact temporal behavior of the first moment to discuss whether the critical slowing down occurs in the Verhulst model or not. In § 3 we consider the general case with arbitrary p. Section 4 is devoted to the concluding remarks. § 2. The Verhulst model with the multiplicative noise
The SDE (1.1) for p = 1, that is, the SDE 
where L is the intrinsic rate of increase and -x 2 has its origin in a limited food supply. Here we consider a model for which L is a random variable in order to take account of the stochastic nature of the influence of the environment. Assuming the Gaussian white noise with the mean value Q' and the variance (52, we get the SDE (2 .1). It is to be noted that we only consider the case Q' >0. The FPE corresponding to the SDE (2'1) is given by 
1. The stationary solution of (2·3)
To get the stationary solution Pst(X) of (2·3) with the natural boundary condition (lim Pst(X)=O), we need only to solve the equation
The solution is easily found as
The extremum point Xo of Pst(X) is given by
We find that the shape of stationary solution changes at a = 15 2 /2. This is the noise-induced phase transition. Such discussion of the stationary state was made by Horsthemke and Malek-Mansour. 1 ) However, as mentioned in § 1, we want to investigate whether the critical slowing down occurs or not near the noise-induced phase transition point.
The dynamical aspects
We solve the moment equations by MAl developed in the previous paper. 4 ) The moments are defined by
The moment equations are given by n=l, 2, ....
They are transformed as
CnU) -== e-nat an( t).
We define x ( t) as the solution of the deterministic equation
The differential equations (2·9) can be transformed into the following integral equations:
It is to be noted that (2·11) does not have the term e nZ <1 Z tI2/n(0). This is because the case where the initial probability density function is given by 6' (X -x (0» is considered here and in this case In (0) (n = 1, 2, ... ) are found to be zero. 
I t is to be noted that we use the following identity:IO) 
Now it is to be noted that the first moment is given by a1(t)=x(t)+e at ff oo )(t).
The form of ffoo)(t) given by (2 ·18) is too complicated to decide whether the critical slowing down occurs or not by direct inspection. Hence we calculate (2·18) numerically. We treat the case x(t)=a=const., that is, y(t)=ae-at . In this case we can integrate (2 ·17) with respect to s and rewrite (2 ·17) as Then (2 ·18) can be rewritten as (2·20) For 02z2a and t::J> 1, the behavior of eatffoo)(t) turns out to be proportional to 
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<~(t)~(O»~ ~ exp[~(a~(52/2)t]
(2-21) for x(t)=a+(5~(t). He concluded from this form that the critical slowing down 2 ),;-~-----'--L~6/2()\ occurs at a = (52/2. We, however, think
The change of the relaxa· tion time 1'-1 is given by r-
are given by that his conclusion cannot be supported, because his result is correct only for the case (52~ a and cannot be used for the case where the order of (52/ 2a is unity. The results of our numerical calculation show that the critical slowing down does not occur at a = (52/2. As easily seen from Fig. 2 , the larger (52/ 2a becomes, the slower and the more complicated the temporal behavior of eat ff=l( t) becomes. The discrete eigenvalues for the FPE (2-3) derived by Schenzle and Brand 9l From this result we must not conclude that Al ---+ 0 as (52/ 2a ---+ 1 and then the critical slowing down occurs at 2a = (52 because there is no discrete eigenvalue for (52/ a> 1. That is, for (52/ a> 1, only the continuous branch exists. It makes the temporal behavior complicated. Of course, also in the case (52/ a < 1, there exists a continuous branch. And so, in the case where (52/ a is nearly equal to 1 or larger than 1, the temporal behavior of eatff=l( t) turns out to be complicated. However, in the case where (52 / a~ 1 and there are many discrete eigenvalues, the continuous part is overhelmed by the discrete part in the limit t---+=, and then the temporal behavior tends to the exponential type.
In conclusion we want to say that the critical slowing down does not occur near the noise-induced phase transition in the Verhulst model with the multiplicative noise. § 3_ The solution of the SDE (1-1)
In this section we treat the SDE with arbitrary p. With the same notations as in the preceding section, we get the following integral equations: Starting from f~O)( t) = 0, we can get the several beginning terms for f, ( t) as follows:
where
Here we define b<,:t)(t) by the relations jfk)(t) -jl(k-l)(t) == ~~=I b<,:t)( t). Generally b<,:t)( t) are given by
Then the straightforward calculation gives the following results:
. Concluding remarks
In § 2 we reached the conclusion that the critical slowing down does not occur in the Verhulst model with the multiplicative noise. As described there, the larger 6 2 / 2a becomes, the longer the time for approaching the stationary state becomes. We think that this may be related to the fact that the mean value of the stationary probability density function, which is given by f'OdX'XPst(X)=a, is not dependent on the magnitude of noise. Namely, in this phase transition, the stationary value of the first moment does not change at the transition point, so the critical slowing down does not occur as far as the temporal development of the first moment is concerned. Here we note that Suzuki
I2
) considered the temporal development of f'O dX· X-I P(X, t) and got the result that the critical slowing down occurs.
Our initial distribution can be made to be more general. We think that even if the initial probability density function is not the 0 -function, the time for approaching the stationary state becomes larger as the magnitude of noise becomes larger. From the results of our numerical calculation we can conclude that the critical slowing down does not occur near the noise-induced phase transition point in the Verhulst model with the multiplicative noise.
